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Abstract：Two families of sixth—order methods are developed by extending a third—order HN method(har-

monic mean Newton’S method)for finding the real roots of nonlinear equation in R．The convergence anal—

ysis is provided to establish their sixth-order of convergence．In terms of computational cost，they require e—

valuations of only two functions and two first derivatives per iteration．This implies that efficiency index of

our methods are 1．565．Our methods are comparable with Newton’S method，HN method and others，as we

show in some examples．In the end．some improvements of AN method(arithmetic mean Newton’S method)

were given．
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摘要：通过推广三阶的调和平均牛顿法(HN方法)，给出了2类在实数范围内求解非线性方程的六

阶方法及其收敛性证明．考虑计算效率，本文方法每步计算2个函数值和2个导数值，效率指数为

1．565．将本文方法与牛顿法、HN方法及其他已知方法进行比较，结果表明了本文方法的优越性．最

后给出了AN方法(代数平均牛顿方法)的推广．
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O Introduction

Solving nonlinear equation is one of the most im‘

portant problems in numerical analysis．In this paper，

we consider iterative methods to find a simple root of a

nonlinear equation以戈)=0，wheref Dc尺_R for an
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open interval D is a scalar function．

The classical Newton’s method for a single non·

linear equation is written as

八戈。)
Xn+l
2 Xn一兀了

This is an important and basic method⋯，which con．

verges quadratically．

Some modifications of Newton’s method with Ctl．

bic convergence have been developed in[2—7]．The

Jarratt method
E
8|is fourth．order convergence．Re．

eently，improvements of Chebyshev—Halley methods

with fifth—order convergence is developed in[9]，vail—

ants of Chebyshev-Halley methods is developed in

[10]，improvements of the Jarratt method with sixth—

order convergence have been developed by Kou Jisheng

in[11]，by Wang Xiuhua et al in[12]and by Chang-

bum Chun in[1 3]separately，which improve the local

order of convergence of Jarratt method by an additional

evahJation of the function[14]．is a sixth．order method．

which improves arithmetic mean Newton’s method

(AN method)in[7]．

HN method is a third．order method of A．Y．0zban

in[2]，which is

，，n=石n

菇n+1=茗n—

fC扎)

厂(石。)

八并。)(厂(戈。)+厂()，。))

2f(z。矿(L)
In this paper，we improve HN method from third—

order to sixth-order and only add one first derivative

per iteration．In terms of computational cost，it requires

the evaluations of only two functions and two first deriv·

afives per iteration．This gives 1．565 as an efficiency

1 The methods and analysis of con-

vergence

Applying method of undetermined cofficient，we
consider the following iteration scheme：

茗n+1=

)，n=算n
以z。)

厂(石。)

厂(x。)扩x。)+厂(Y。))
磊一n一—1i瓦而百：：厂一厶 ～再。，，、r。，

厂(=。)(∥(x。)+矿(Y。))

磊一矿瓦丁而百而可了再可历

①

where a，b，c，d，e∈R are constants．

Theorem 1 Assume that function fE C3(D)has

a simple zero a∈D．If the initial point茗o is sufficiently

close to a，then the methods defined by①converge to

a withsixth一。rder under the conditions c=一号(口+
6)，d=(2口+6)，e=号(6一口)．

Considering iteration function of①

m旧一烈咎糍焉怒南
w妇一一髂一z一掣辩瓣严．
Then①becomes

茗n+1= F(互。)
We expand F(茗。)about ot，let e。=茗。一ot and

，”=，”(a)，then we have

，(‰)：F(a)∥(a)e。+掣e-+2掣"3
掣“学"5学¨6 D(e：)
Cosidering八d)=0，after computing we get

，(a)=a F’(口)=0 P(a)=0

∥㈩=血老等等业
index of our methods．Our methods are comparable with Under the condition 一口一6+c+d+e=0．

Newton’s method and other methods．The efficacy of there are

the methods is tested oil a number of numerical exam-

pies．It is observed that our methods take less number

of iterations than taken by Newton’s method and other

methods．On eomparison with the other sixth—order

methods，they behave either similarly or better for the

examples considered．In section 4，we give improvement

of AN method．we can see that S．K．Parhi and D．K．

Gupta’s method in[14]is a special case of our im-

provement．

c=a+b—d—e F⋯(口)=0n小坠等铲
Under the condition a+2b—d一2e=0．there are

d=2+26—2P F‘4’(a)=0n小等铲
Under the condition a—b+2e=0．there are

e=吉(6一口) ∥)(0)=o



F‘6’(o)= 笠2(!兰贮二兰(堡±垒巡2
2(a+b)f4

It is clear that F‘6’(口)≠0。then the error equa-
tion of①is thus

en+1= 趔必蔫铲"6288 a( +6)厂4 、。 o(e1)

觚e“mplifying，we have c=一÷(口+6)’d=
(2n+6)，e=虿1(6一口)．N。w it is clear that formula

q)converges trieubically under the conditions of theo-
rem．We substitute c，d，e into formula ①and simplify，
then we obtain a new family of sixth．order methods髂

follows：

舻矿黠
， ．． 以z。)(厂(x。)+厂(Y。))

磊2％一—1丽为豸丁一
名n+1
2
Z-^一

②

where a，b∈R are eonstants and a+b≠0．Formula

converges trieubically．

②

More generally，we can obtain another new family

sixth·order methods a8 follows：

八z。)

yn—n一死了
。．．． 八石。)∽(髫。)+厂(y。))
％一n一—1丽巧可：广一 ③

菇。+-=彳。一ii：iiiij；：{‰z，(，。。)
where。，6 are constants，以=页f(万Yn)and日(t)repre．
sents a real-valued function．Modeled on the proof of

Theorem 1，We can get the following conclusion．

Theorem 2 Assume that functionf，H∈C3(D)
has a simple zero I卫∈D．If the initial Doint x。is suffi．

ciently close to仅then the methods defined by ⑤ C0no

verge to a with fourth—ordor under the conditions

日(1)=a+b，H7(1)=一a，月”(1)=3a+b and a+b

≠o．The error equation of③is

en+1=迅迎业甓黯笋必。6288 a b +

(+)∥
h’

0(e7。)

In what follows，we give some concrete iterative forms

of③．

Method 1 For the function H(t)defined by

砷)=半_(4口+6)¨半t2④
It can easily be seen that the function H(t)of④

satisfies conditions of Theorem 2．Hence we get a new

two-parameter fourth—order family of methods

以戈。)

yn—n一灭孬
⋯．八茗。)∽(z。)+厂(Y。))气～n一—可丽河瓦。产
茗n+1=彳n一

以Z。)

(∥(戈。)+矿(y。))

—(—7—a—+——3—b—)f——2—(—x—n—)—-—_2—(—4—a——+—b—)—fl—(—x—。—)—fl——(y—n一)+
巧“(石。)

!!竺±!鲨：!墨!
矿2(戈。)

Method 2 For the function H(t)defined by

日(t)=‘(-—a2+—2a甬b+ib2)面-(万az+F4ab一+b2)tn+6一(j口+6)t

⑤

⑥

It can easily be seen that the function H(t)of⑥
satisfies conditions of Theorem 2．Hence we get a new

two-parameter fourth-order family of methods

以戈。)

％一n一歹瓦了
⋯．八石。)∽(髫。)+厂(Y。))磊一n一—可丽力萨
戈n+1 =：n一

／(Z'n)

⑦

Method 3 For the function日(t)defined by

H(t)2言(一2+13口+7b+6t一
3(2+5口+b)t2+2(1+4n+b)t3) ⑧

It can easily be seen that the function H(t)of⑧
satisfies conditions of Theorem 2．Hence we get a new

two—parameter fourth—order family of methods

以戈。)

y^～n一灭习铲矿幽凳铲 ⑨‰一。一日(搿)丽‰

一 ∽～塑，∑¨竺妃滁型“等



)=吉(-2+13⋯⋯错一
3㈨5⋯，(斛
2㈦4⋯，(矧

)2 +

)3)
Method 4 Letting a=1，b=0 in⑤，for the

function H(t)defined by

日(t)=

f垡±三旦=222±垡!±色：
(一a一2卢+7)+(3a+8卢一4y)t+7￡2
It can easily be seen that the function H(t)of

satisfies conditions of Theorem 2．Hence we get a new

two—parameter fourth—order family of methods．

yn=戈n—

ZB=戈n一

以戈。)
f(戈。)

八戈。)(．厂(z。)+厂()，。))

2f(xn)尹(y。、)
⑥

算。+-=戈。一、厂f((Z戈n。))，I·

(a+5』3—27)，2(g。)+矿x。矿(y。)+∥2(，，。)

(一a一帮+y矿2(#。)+(3n+8／3—47)厂(算。)厂(，，。)+矿2(，，。)
where d，p，y ale constants and a+3卢一’，≠O。
In terms of computational cost，it requires evalua．

tions of only two functions and two first derivatives per

iteration．We consider the definition of efficiency index

[15]as pi，where P is the order of the method and∞

is the number of function evaluations per iteration re—

quired by the method．If we aSsume that all the evalua．

tions have the same cost as function one，we have that

the present methods have the efficiency indexes which

Table 1 Comparison of various six．order

1

equal to 6了=1．565．which ale better than the ones of

3÷：1．442 in[2—7]，5了1：1．495 in[9]and New．
f

ton’S method 2丁=1．414．

2 Numerical results and conclusions

In this section，we present the results of some nu—

merical tests to compare the efficiency of the methods．

We employed CN method in[1]，HN method in[2]，
KM in[11]，CMl(O／=1)and CM2(a=一1)in

[13]，VSHM(a=1，y=1)method in[10]and new

methods N1(a=1，b=1 in②)，N2(a=1，b=一3 in

⑤)，N3(a=1，b=一3 in⑦)，N4(a=1，b=一3 in

⑨)，N5(a=O，届=1，y=o in⑩)．
Numerical computations reported here have been

carried out in a Mathematica 4．0 environment．The sto—

ping criterion has been taken as帆戈川)l+
I石。+1一“I<10-14．We can see the computing results
in Table 1．

The test functions of以戈)are as follows：

z(戈)=n(戈一(1+0．1m)) a=1
m=0

五(戈)=菇3+422—10

a一1．365 230 013 414 097

厶x)=COS(X)一茗

a一0．739 085 133 215 160 67

五(并)=sin2(戈)一石2+1

a—1．404 491 648 215 341

以(算)=e#胁一一1 a=3

A(x)=戈．e”一sin2龙+3cosx+5

a一一1．207 647 827 1 30 9】9

methods，HN method and Newton’S method

八算) 粕—而广—百r—弋百—弋而——丽—竺‰丽—可r—1万——面—丽
工(石) 一0．5 32 27 NC NC 27 20 24 24 24 24 24

五(膏)

^(石)

厶(筇)

以(石)

五(茗)

0

一O．5

2．0

—0．9

1．0

2．O

3．5

4．0

1．0

—2．O

20

NC

8

NC

8

8

20

NC

NC

NC

⑩

⑩

加∞8勰8

o加嬲屹他

∞埔8№8

8怕M他坦

∞％o加8

8垢M坨佗

加％8加8

8埒M抡挖

∞％0加o

8

M

M挖坦

勉M

o屹o

o加加№挖

M勰。甜8

o加加№屹一一

乾№8弘8

8加加№挖

l

6

8

1●．●

M俄9坝9

9扒弘”b

勰∞m

M

0

m

M的H

M
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In Table 1，，(茹)expresses test function，石o ex—

presses original iteration value，NOFE expresses the

number of function evaluations．NC in 7I铀le l implies

that the method does not converge．Here CN method is

second—order。HN method is third．order。the other

methods are sixth-order．ne results show that the p玲

posed methods have 80me more advantages than the

others．The KM，CMl，CM2 and VSHM methods have

sensitivities to the original iteration value and they

don’t converge(NC)to the 7弛i'o for 80me test func-

tion．The new methods have iteration stabilities to ori西．

nal iteration value and behave better than the others in

most sittrations．

3 Improvements of AN method

Applying the methods in this paper，we call obtain

improvements of AN method fits follows，it is

八‰)

yn～n一死万
f(x。)

毛一n．页习了而j
茹n+1 =Zn一

明厶)(矿(z。)+bf{y。))

一{n+6)厂2【*。)+2{2a+bV{x。)厂(y。)+(b一口)，2(，，。)

where a，b∈R are constants and a+b≠0．Formula⑩

converges tricubically，the elTor equation is

e^+1=

一．￡(筻±Z￡2(三(二三堡±!避±三(垒±i坦)．
288fa+b)f5

e：+D(e：)
When a=1，b=1，formula⑥becomes

以“)

yn—n一死了铲矿揣．⑩
f(x。)+厂()，。) 以乙)

Xn．；l—n一了丽了0而了兀了
⑩is S．K．Parhi and D．K．Gupta’s method in[14]．It

is clear that S．K．Parhi and D．K．Gupta’s method in

[14]is special case of formula⑩．
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